
Quantum Morphisms
Lecture 0



Review

(M
, b) - game

MEZ?
"

,
b c-Zi

, Se -_ { i c- [n] : Me;=l}

Alice + Bob sent l, K c-[m], respond with f. se→Zz , 5+72,

Win if Ffsefli) -- be , .gg?lj)=bn.tfli)--fIi)-Vi-cSeASr. .

Multiplicative form of Mx=b :

§q×i=be → IT ×;= A)
be

iese

✗
,
+ Xzt✗5- I→ ✗1×2×3=-1

aeZz → C- 1)
"

c- {1--1}

Quantum solution to Mx=b : A ; EB/H) for i c- [n] s.t.

1) A :* _=A; & A? --I V-ic.cn]
;

2) AiAj=AjA; if 7 l c- [m ] s.t. i,j c- Se;
3) IT -1 ; -_ C- 1)

beI tl €1m]
.

ic-Se



Solution group MM, b) : generators g; for ii.[n] and J

satisfying the relations :

1) g? -- e Yi c- In] and J? e ;

2) g ;J=Jg ; Yi c- [ n];
3) gigj-g.gg; if Il

c-[m] S.t. i.j c- Se ;

4) Egg ;
-

- Jbl -VlE[ m] .

Theorem (Cleve
,
Lin

,
Slofstra) : TFAE :

1) the 1M,
b) -game has a perfect qc

- strategy;
2) Mx=b has a quantum solution;
3) the solution group MM, b) has Jte .

Theorem (Cleve & Mittal) : TFAE :

1) the 1M,
b) -game has a perfect g- strategy;

2) Mx=b has a finite dimensional quantum solution;

3) the solution group MM, b) has a finite

dimensional representation $ sit
.
$1T) -1-0161

.



Theorem : TFA E :

1) the 1M,
b) -game has a perfect classical strategy;

2) Mx :b has a classical solution;

2) Mx=b has a 1- dimensional quantum solution;
E) Mx=b has a commutative quantum solution;

3) the ☐be/ionization of the solution group MM, b)

has Jte
.



1-give /son 's problem &

Hofstra 's Embedding Theorem embedding thin forgroups
Let M

'

be a finitely presented group, let J
'

be

a central element of M
,
and let w, , . . .,wnEf

'

be

s.tw?--eV-ieIn]
.

Then there is a BLS Mx=b
,

distinct indices i. , . . ..in and an embedding (injective horn .)

$ :n'→MM
,
b) S.t. $1T ')=J and Hwi )=g%

.

Y kiln]
.

Corollary 1 : There is a BLS Mx=b sit. the 1M, b) -game
has a perfect qc- strategy but no perfect g-strategy

strengthening lslofstra) : There is a BLS M×=b s.t. the
(Mib) - game can be won with probability arbitrarily

close to 1 using g-strategies , but has no perfect

g- strategy.

⇒ The set of
g-
correlations is not closed.



Corollary2 : It is undecidable to determine if a
BLS

game has a perfect qc- strategy .

Later lslofstra ) : It is undecidable to determine

if :

1) a BLS game has a perfect g- strategy;
2) a BLS game can be won with probability

arbitrarily close to 1 using g-strategies.

(
✗
( MA , MB , MA MB )

(☒ = set of ✗ - correlations
,
☒ C- { loc.q.qs.qa.qc.ms}

Ioc - classical

g- finite dimensional tensor
-product framework

qs
- x-dimensional tensor -product framework

ya
- closure of q = closure of qs

qc
- commuting operator framework

ns
- non - signalling



Before Hofstra :

G.cECqECqsECqa C- Cqc G- Cns

After Hofstra :

Cnc Ecg C- Cqs 4- Cqa C- Cqc G- Cns

Now :

Cbc Eca G- Cqs G- Cqa 9- Cqc G- Cns

Hofstra 's proof uses :
gi for ic- In

]
, J - generators ofTIM,b)

•• =-3 relations

I÷,!•÷÷Éj•¥÷%•÷÷:*".E.g. here we have

92 99 929695J t 9,929}=e
as relations (among others) .

Product of generators incident to boundary incounterclockwiseorder =J#•• " : 929,9293929>999>g}=J"=e



Smaller example :

[9 ,
9.9695

-

- e

•••• 929496 __ e

90 95① 93%-94
-
- e

4.997%4 ⇒ g. gig}=e

Constructing Mx=b with g-solution butno classical solution

Let G be a graph .
The incidence matrix of G

is the ✓(G) ✗ F-(G) matrix NS.t
.

Mr,e={ 1 if v is an endpoint of e
O o .W.

We consider systems Mx=b where M is the incidence

matrix of a graph G and b c-219¥ Thus we view

the edges of G as our variables and its vertices

as our equations .



Equation corresponding to vertex v :

eñ• ✗e. +✗e.
+ ✗eibr

G

Theorem (Arkhip>v1 : Let M be the incidence matrix

of a connected graph G, and let b. c-Zi"! Then

1) Mx :b has a solution <⇒ b has even weight;

2) if b has odd weight, then Mx=b has a

quantum solution <⇒ G is not planar .

Lemma (Arkhipov) : For G & M as above + b.b'c-Zit"sit.
wtlbtwtlb') mod 2

, Mx=b has a classical/quantum solution

if& only if Mx=b
'

has a classical/quantum solution
.

=

bttbte.ie,
☒ijt→{ Xijtl

if ij c-{12 , 23,34}

G Xij O
-
W

.



Theorem proof :

(1) : ✗ c- 21¥ '" satisfies M×=b if and only if the

graph ( VIG)
,
{e c- F- (G) : ✗5-B) satisfies

deglv)=b✓ mod 2
.

(2) : ⇐) G not planar ⇒ G has a Kris or Ks
-

subdivision : Mx:b has g-solution

Can assume b=e
,

by Lemma

"



G-- K}, } : Magic square from last lecture .

G-- Ks :

(⇒1 By contrapositive . If G is planar then
draw G in the plane :

••• •o bit

• bio

No edges incident to boundary
⇒ e=J

.



Corollary : If M is the incidence matrix of a

connected non-planar graph G and b c-ZI" has

odd weight, then Mx=b has a quantum solution

but no classical solution
.

Remark : When M is the incidence matrix of a

graph , the system Mx=b has a quantum solution

if and only if it has a finite dimensional

quantum solution
.



A graph associated to Mx:b

Let MEZ?
"

& BEIT .
The graph GCM, b) has

vertex set { f:Se→Zz Ese flit = be} and

f :S
,
→21, & f

'

:%→Z, are adjacent if 7 i c-Sens,,
s.t.fi/--fIi1

.

Example : X
, +Xzt ✗3=0, ✗it ✗+ +✗c.

= I

° ' '÷:(÷*¥.÷0 I 0
Remark : The sets { f:{→Zz Es

,

flit = be} for lE[m]

partition VCGIM
,
b) ) and each such set induces

a clique (complete subgraph ) .
⇒ ✗ IGIM

,
b)) stealGCM, b)) say LGCM .

b) IEXCGIMTBI) em



Atarias
,
Marie insta

,
Roberson

,
Jamal

,
Severini

,
a Varvitsiotis

Theorem : For MEI?
"
& BEIT

,
the following are

equivalent :

1) Mx=b has a solution;

2) GIM, b)⇐GIM,0);

3) ✗(Gim, b))=m .

Proof: Exercise
.

Theorem : For MEI?
"
& BEIT

,
the following are

equivalent :

1) Mx=b has a finite dimensional quantum solution;

2) GIM, b) =p GIM,0);

3) ofGin, b))=m;
4) GIM ,

b) has a projective packing of value m .



Theorem : For MEI?
"
& BEIT

,
the following are

equivalent :

1) Mx=b has a quantum solution;

2) GIM, b) Eye GIM,0);

3) &qfGiM, b)) = m;

4) GIM ,
b) has a 1-racial packing of value m .

Proof : (1)⇒ (2) In terms of the BLS & isomorphism

games . I. e. we assume Alice + Bob have a

strategy for the CM
,
b) -game,

and we use this

to produce a strategy for the (GIM,b), GCM,0)) - iso game .

• Alice receives f :S
,
-212 s.t. E flit -- be .

A IESE A

• Acts as if she received l in 1M, b) - game to obtain

ft :S,→Zz sit. Effi)= be .

IES,
A

• Responds w/ Fatf's :S,→ 21, defined as fatfh.li) --fn.li/+faYi).Note:?-sefat-fali)--E.seffiltE.sefifil--bet be = 0

⇒ fatfh.EU/GlM.0))



• Bob behaves similarly with fp.fi, :S,-7212 .

Check iso -game conditions

fa=fB ⇒ fatf'a= ftp.tff : fa=fB⇒ l=k ⇒ fa '=fp' .

fa~fp-ifatff~fp.tt/z:fa~fB--FiESeASks.t.fali)-- fp.li)
but

fh.li/--ffgli)--sfatffli)t-fB+fjli).faxfB--7fatfh.~fptffg : Similar .

(1)⇒ (2) done .

(2)⇒ (3) :

GCM, b) =p GIM,01 ⇒ ofGin, b))=&q(GiMD )) -- m

since m - ✗ (GIMP)) c- &q(GiMD )) Em
same for 01C .

(3)⇒ 141 :

aqlG) =k ⇒ G has a projective packing of value K .
Same for Kc .



(4)⇒ 11) : Exercise .


